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Estimating Peak Flow Characteristics at Ungaged Sites With Ridge 
Regression

ABSTRACT

A regression simulation model is combined with a multisite streamflow 

generator to simulate a regional regression of 50-year peak discharge against 

a set of basin characteristics. Monte Carlo experiments are used to compare 

the unbiased ordinary lease squares parameter estimator with Hoerl and 

Kennard's (1970a) ridge estimator in which the biasing parameter is that 

proposed by Hoerl, Kennard, and Baldwin (1975). The simulation results 

indicate a substantial improvement in parameter estimation using ridge 

regression when the correlation between basin characteristics is more than 

about 0.90. In addition, results indicate a strong potential for improving 

the mean square error of prediction of a peak-flow characteristic versus 

basin characteristics regression model when the basin characteristics are 

approximately colinear. The simulation covers a range of regression parameters, 

streamflow statistics, and basin characteristics commonly found in regional 

regression studies.

INTRODUCTION

Hydrologists are often called upon to estimate peak flow characteristics 

at stream sites where little or no peak flow information is available. One 

method frequently used to make such estimates is to relate peak flow 

characteristics to basin characteristics through a multiple linear regression 

model. Sample estimates of the parameters of the regression model are made 

using peak flow and basin characteristic data collected at gaging stations in 

the region. In situations where the basin characteristics (independent 

variables) are nearly uncorrelated with each other, the usual least squares



regression analysis provides reasonable results. However, if the basin 

characteristics are highly correlated with each other, the results are less 

satisfactory.

A biased parameter estimation technique ridge regression has been 

developed by Hoerl and Kennatd (1970a) to eliminate some of the problems 

associated with highly correlated independent variables in a regression 

problem. The purpose of this study is to test the ridge regression technique 

in a practical hydrologic regression problem.

Use of Multiple Linear Regression in Hydrology

Regional analysis of streamflow characteristics with a multiple linear 

regression of flow characteristics on basin characteristics has been used by 

hydrologists to predict flow characteristics at ungaged sites (Thomas and 

Benson, 1970) and to improve predictions of flow characteristics at gaged 

sites (Benson and Matalas, 1967). In addition, some applications of 

regression analysis rely on individual parameter estimates to infer cause- 

effect relationships between basin characteristics and flow characteristics 

(Espey and Winslow, 1974). The power of the linear regression mociel for 

these applications depends on the underlying assumption that the basin 

characteristics are not strongly interrelated. The main consequences of 

strongly interrelated basin characteristics are the following: 1) The precision 

of estimation of the regression coefficients decreases so that it may be 

impossible to infer from the model the relative influence of various basin 

characteristics. 2) Estimates of coefficients become very sensitive to 

particular sets of sample data. That is, the set of coefficients estimated 

from sample data collected at gaging stations in an area may be very much 

different from the coeffficients that should be applied to ungaged sites.



3) Investigators may be led to drop important variables from the analysis 

because their coefficients are not significantly different from zero. 

The condition of strongly interrelated basin characteristics is 

referred to as the problem of multicolinearity. Multicolinearity is a 

condition of deficient data rather than an error in the regression model. 

It cannot be uncovered by an analysis of residuals. The following is a brief 

discussion of the problem of multicolinearity.

The Problem of Multicolinearity

Let X. denote the pth basin characteristic at the Jth station. The OP *

basin characteristics are linearly dependent if there exist non-zero

constants a,,a~,...,a such that 1 I m

m
I a X. = 0 for j = l,2,...,tf 

p=l P 3P

where N is the number of gaging stations in the streamflow network. 

Multicolinearity is said to exist when the above condition for linear 

dependence approximately holds.

The problem of multicolinearity in a particular dataset is not easy to 

detect. Perhaps the best means of detecting the problem .is to compute a 

measure of the precision with which a regression is estimated. The precision 

of a regression coefficient is estimated by its variance which is proportional 

to the variance of the error term in the regression model. The constant of 

proportionality for a standard linear model is termed by Marquardt (1970) the

variance inflation factor (VIF). The VIF for the pth regression coefficient

2-1 2 
b is [l-.fi? ] , where R is the coefficient of multiple determination from

the regression of the pth basin characteristic on all other basin character-

2is tics in the equation. As R approaches 1, indicating a very str'ong linear

dependence between the basin characteristics, the VIF approaches infinity.



2 As .ft approaches 0, indicating complete orthogonality of the set of basin

characteristics, the VIF approaches 1. A VIF of five or more is an indication 

of possible problems caused by multicolinearity (Montgomery, 1979). 

Resolving Difficulties of Multicolinearity

When multicolinearity problems are recognized in a regional hydrologic 

regression they are usually handled by variable selection. That is, potential 

variables involved in a multicolinearity are not included in the model so that 

the problem does not arise. This will happen when a technique such as step- 

wise regression (Draper and Smith, 1966) is used. Variable selection implies 

a logic in which a basin characteristic must either be important or unimportant. 

Eliminating "unimportant" basin characteristics from the model can cause large 

prediction errors if the eliminated characteristics are, in fact, good 

predictors of the streamflow characteristic.

Hoerl and Kennard (1970a,b) proposed an alternative to variable selection 

to control the problem of multicolinearity. The procedure was introduced 

earlier by Hoerl (1962) and termed "ridge regression" because of its 

mathematical similarity to a graphical technique called "ridge analysis". 

Ridge regression amounts to adding a small constant k[0<k<I] to the diagonal 

of the sample correlation matrix among basin characteristics before inverting 

it for ordinary least squares estimation. The ridge estimators are biased, 

but they have the potential to produce more precise estimates of the 

regression coefficients and smaller prediction errors.

The possibility of obtaining improved precision with a small loss of 

accuracy makes ridge regression a potentially attractive alternative to 

ordinary least squares. Unfortunately, there is no completely objective way 

for deciding whether to use ordinary least squares regression methods or ridge 

regression methods because such a comparison depends on the true but unknown
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values of the regression coefficients. This has led many investigators to 

Monte Carlo experiments in order to gain insight into the performance of 

the ridge estimators.

Previous Studies

The problem of multicolinearity is discussed by Johnston (1972), Mason, 

Gunst, and Webster (1975), Marquardt and Snee (1975), and Chatterjee and 

Price (1977). Interest in Hoerl and Kennard's class of biased estimators 

called ridge estimators is evident from the growing literature on the subject, 

[Marquardt, 1970, Mayer and Willke, 1973, Theobald, 1974, Hocking, Speed, and 

Lynn, 1976, Vinod, 1976a,b, Farebrother, 1978, Baldwin and Hoerl, 1978, and 

Golub, Heath, and Wahba, 1979]. Hsiang (1975), Rolph (1976), and Oman (1978) 

provide a bayesian interpretation of the ridge estimators. Conniffe and Stone 

(1973), and Draper and Van Nostrand, (1979), have been critical of ridge 

regression. Much of the recent literature concerns Monte Carlo studies to 

determine sampling properties of various ridge biasing parameters [Hoerl, 

Kennard, and Baldwin, 1975, McDonald and Galarneau, 1975, Hoerl and Kennard, 

1976, Lawless and Wang, 1976, Dempster, Schatzoff and Wermuth, 1977, Carmer 

and Hsieh, 1978, Swamy, Mehta, and Rappoport, 1978, Vinod, 1978, Wichern and 

Churchill, 1978, Hemmerle, and Brantle, 1978, Lawless, 1978, and Peele and 

Ryan, 1979]. Smith, Anderson, and Scott (1973), Anderson and Scott (1974), 

and Kitanidis and Bras (1978) have applied ridge regression methods to 

hydrologic problems.

Purpose and Scope

The purpose of this report is to compare the ordinary least squares 

estimator with an operational ridge estimator of regression parameters for 

a linear regression model of peak flow characteristics on basin characteristics. 

The term operational ridge estimator refers to the fact that the biasing



6

parameters, fe, is estimated from sample data, and thus, can be applied to a 

practical problem. The comparison uses Monte Carlo experiments to simulate 

regional hydrologic regression problems that cover a range of situations 

likely to occur in practice. This simulation differs from earlier ones in 

that it simulates a specific regression problem a regional regression of 

peak discharge characteristics on basin characteristics. In such regressions 

the regression error term is made up of a sampling error for the peak 

discharge characteristic and a model error (Matalas and Gilroy, 1968). The 

simulation in this study follows the general scheme of Moss and Karlinger 

(1974), who combined a regression simulator with a multisite synthetic 

streamflow generator in order to account for these two sources of error in 

a streamflow network design study.

The mathematical background of regional hydrologic regression, ordinary 

least squares and ridge estimation, and an operational biasing parameter are 

given in the next section. This background is followed by sections on 

simulation description, Monte Carlo experimental design, performance measures, 

and experimental results. The summary and conclusions section is followed 

by a list of references, notations, a table of results (Appendix A), the 

computer program listing (Appendix B) , and a note on generating correlated 

uniform random numbers (Appendix C).
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MATHEMATICAL BACKGROUND

Regression Model of T-Year Peak Discharge 

Let z.. denote the ith observation of the logarithm of annual peak

discharge at the jth station, where i, = 1,2,...,??. and j = 1,2,...,/I7. Based
3

on the n . observations, the estimate of the logarithm of the T-year peak 
3

discharge at the jth station is denoted by y... Following the procedures
3

recommended by the Water Resources Council (1977) the estimate y . is
3

expressed by

v d

where

y. = I. + fc-,8. for
v  * 

_ n
*. = 1/M. S Z. ., (1)
3 3 = 1-3

  9 £-
~- Z (2..-S.)) 2 and (2) v / y

k^ is the standardized Pearson Type III deviate from Barter's (1969)

tables for probability 1/T and weighted skew coefficient g.. Weighted skew
3

g. is given by
3

g., if n.<25
<j ii

n.-25 n.-25 if

g., if n.>100
<J «/

where ^ . is the generalized skew coefficient obtained from a map 
3

or from a regional analysis of long-term gages, and g. is the sample skew
3

given by



-7 d   3 93 = (~~    _   3"} .f (Zi3 " V '

^J "i7 J*

Assuming z/. is statistically unbiased and consistent, the estimate y . may
V V

be written

y - E(y .)  «- e. . (4)
t/ d t)

where E(y .) is the expected value of z/., e. is a random variable zero mean 
0 CO

22 < 
and variance proportional to a./n., and a. is the variance of ;;..'s (Bobee,

303 1*3

1973).

Let Z. j p = l,2,...,Af, denote the pth basin characteristic associated 

with the jth station. The relationship between E(y .) and the X. 's is 

formulated as a linear model

M 
E(y.) - gp + I y.p + 3.. rf-1.2....,ff

p-1

where 3n and the 3 f s are constants, and B . is a random disturbance which 

measures the discrepancy in the linear approximation between E(y .) and the X. 's, 

From equation 4,

M 
y. = 3n + Z 3 AT. + 3 . + e. ,7=1,2,...,^ (5)

«/ u r>=] ^ ^ " ^

Assumptions of Classical Regression 

Three assumptions are made in accordance with classical regression

analysis. (1) The X.- 3 J. OJ . . .., X... are assumed to be fixed variables.Jl j2J ' jM

(2) For any set of basin characteristics, X.._, X .->    * X..,, the variance
v -L tJ ^~ u' -*

of i/ . is the same. This requires the variance of (3 . + e .) to be the same 
3 33

for all j's. Homoscedasticity in 9 is assumed to exist. Homoscedasticity

2
in e requires that O Jn . be a constant for all j's. (3) The z/.'s associated

33 3

with the given set {X. 3 X - y ... ̂ X.,.} are normally and independently distri 
ct 3 3^-
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buted. Normality is needed for tests of significance and confidence limits. 

The assumption of independence requires the annual peak flows at different 

stations to be uncorrelated. This assumption is generally not valid where 

annual peaks result from large general storms rather than very localized 

thunderstorms.

Estimating Regression Parameters

In practice it is convenient to have the regression equation in non- 

standard form

in which Y_ is an N x 1 vector of observations on the dependent variable, 

J_ is a N x 1 vector of 1's, X_ is an N x M matrix of observations on basin

characteristics, $n is parameter to be estimated, 3 is a m x 1 vector ofu   

parameters to be estimated, and £ is an A7 x 1 vector of disturbances. It

2
is assumed that E(e) = 0 and E(ee_") - O I. The objective is to estimate

$~ and 3. However, for the regression computations some form of standardi 

zation is desirable (Marquardt and Snee, 1975, Vinod, 1978). Let- 

U_ and V_ denote a unit length standardization of X_ and J_, so that

*>-  = (#-  - Z/)/5,, for a11 3
V V 3

- 1 N    v' ^ ~ N . _ ^i

for a11 and

X = i Z.Z. for all 
P ^ ^ JP

-
S '= [ Z (Z. - * )   for all p
P = 3P P ^
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The standard linear model is

V_= U_a + e_ '

where e is a N x 1 vector of disturbances (e . + 8 .) » a is a M x 1~~ 3 3 ~

vector of parameters to be estimated, and U is a N x M matrix of known 

constants in correlation form (that is,

N
I u . =0 and

2 
Z u.J- - 1, for p»l,2,...,M).

The ordinary least squares estimates of ex are

s\ i
a = (!L'!D~ V^Y. with

(6)

var(cx) = a (U_'U)

Let X 1 , X 9 , . . . , X ,. denote the characteristic roots of U^U_> It can be shown 

(Hoerl and Kennard, 1970a) that the mean square error of the estimates of the 

regression parameters is

M'

E(L2 ) = a2 I ( ) 
p=l p

2 /s /\ 
where L = (ot - ot) (a - a). If the f/'s are highly multicolinear some of the

characteristic roots will be near zero resulting in a large mean square error 

of the regression parameters.

The ridge regression estimates proposed by Hoerl and Kennard (1970a) are

(7)

where I is an (MxM) identity matrix. It can be shown (Hoerl and Kennard, 

1970a) that the mean square error of the ridge estimator is



9= cT

11

M X-

in which the first term on the righthand side denotes the variance of the 

ridge estimator, and the second term denotes the bias squared of the ridge 

estimator. Hoerl and Kennard (1970a) provide the following theorems:

(1) The variance term is a continuous monot©nically decreasing 

function of k.

(2) The bias squared term is a continuous monotonically increasing 

function of k, and

(3) There always exists a k>Q such that

In other words, there exists at least one value of k such that the mean square 

error of the ridge estimator is less than that of the ordinary least squares

estimator. Unfortunately, the optimal value of k cannot be determined with

2 certainty because it depends on the unknowns ex and a . The value of k must

be estimated from the data. An intractable distribution of the ridge estimator 

results from such a randomly chosen k. This accounts for the large number of 

papers dealing with computer simulations of ridge estimators mentioned earlier.

The unstandardized estimators are determined from the 

unstandardization formulas

3p = a /S for p=l,2,...,M (8)

and

_ M - _3o = y - \ VP-P=I ^ ^
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4. Choosing the value of k 

Hoerl and Kennard (1970b) suggest a ridge trace [plot of a(/c) against k] 

for subjectively Selecting a value for k. For the simulation described in 

the following section an objective method of selecting k is needed. Several 

investigators including Hoerl, Kennard, and Baldwin (1975), Lawless and Wang

(1976), McDonald and Galarneau (1975) and Dempster, Schatzoff, and Wermuth

(1977) have used computer simulation to study the properties of k estimated 

by various formulas. Although none of the formulas for estimating k from 

sample data can predict the optimal value of k, the formula proposed by 

Hoerl, Kennard, and Baldwin has performed well in most of these simulation 

studies. The Hoerl, Kennard, and Baldwin (1975) formula,

"2

k = ^£- (10) a/'a

*2 2 where Cf is the sample estimate of a was used for this simulation study.

SIMULATION DESCRIPTION

The objective of these Monte Carlo experiments was to simulate a regional 

hydrologic regression problem in order to compare ordinary least squares (OLS) 

regression with ridge (RGB) regression. A model is assumed of the form

$1 32

St-r, ~ CiA S

where Q^ is the 50-year peak discharge for a site with basin characteristics 

A and 5, and a, 3i> and 32 are constants. Log transformation of variables 

allows this equation to be expressed as a linear regression model

y = 3o -*

where J = Iog10 #5Q , 3o = Iog1()a, X^ = log^, and

The simulation proceeds as follows:  

  Another description of the simulation procedure in flow chart form can 
be found in Appendix D.
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a) For each replication a set of N pairs of numbers representing X^ and X~ 

at N gaging stations was generated.

b) Next, it was assumed that the logarithms (base 10) of the annual peaks

at station j in the region are drawn from a Pearson Type III distribution

with mean y . 3 standard deviation a. and skew coefficient Y=0. Further 3 3-

it was assumed that

u. = 3o + 0i*. . + C. j=l,2,...,N (11) 
J Jj -1- U

and

a. = 32 X. + n. j=l,2,...,tf (12)
V V i *- V

in which C   and f|. are normally and independently distributed random 
3 3

disturbances with means zero and standard deviations CT(£.) and cr(r|-)>
3 3

respectively. Hence, the true regression model to be estimated by 

generated samples is obtained by substituting the righthand side of (11) 

and (12) into the first equation on page 7, so that,

= 3o

where E(Y\X^^X-} is the expected value of Y givert X-. and J? , k~ = 

2.05375 is the standardized Pearson Type III deviate for a 50-year

return period, and skew coefficient of zero, from Harter f s (1969)
^ * 

tables, 82 = ^n$2 , and 3o» 3i and 32 are constants.

For all experiments the values of regression parameters

3o and 3i were taken to be identically 0 and 1, respectively. The
^ 

value of 32 was set equal to 0.5 in some experiments and 1.5 in

others. Substituting these known values into the equation above
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yields the true regression model

<  
1[1.0)Z1 + (1.026875)Z2 , when 3z = .5

* 
+ (3.080625)J0 , when 3 2 = 1.5

j. Z

c) In step b, it was assumed logarithms of annual peaks were drawn from an 

underlying Pearson Type III distribution with skew coefficient zero. 

This is equivalent to assuming a log normal distribution (Johnson and 

Kotz, 1970, p. 170). Therefore, a multi-variate streamflow generator 

(Matalas, 1967) was used to synthesize the common logarithms of a

sequence of n observed annual peaks; z, .3 2 ? .3 z~ .., ... 3 z  ; at
-"--> 3 ^j 3 -^ j 3 fly o

20 stations in a simulation region while preserving the following

assumptions: 1) the random variable Z. is normally and independently
3

distributed in time with mean u. and standard deviation a., and 2) the
3 3

cross correlation between logarithms of annual peaks for any pair of 

stations (p ) is a constant for all pairs of stations.
C-

d) The estimated value of y at station j to be used as the dependent 

variable in the simulated regressions is given by

/s /s

y . = z . + fc c _ s . 
y3 3 50 3

in which z . and s . are sample mean and standard deviation given by
3 3

equations (1) and (2), and k^ is the standardized Pearson Type III 

deviate given in Barter's (1969) tables for a 50-year recurrence

interval as a function of weighted skew coefficient g . (equation 3),
3

in which g . is assumed to be zero. In the simulation program it was
3

not necessary to compute sample skew because, the weighting formula gives 

zero weight to sample skew for the record lengths used.
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e) Regression parameters using OLS and RGE were determined from equations 

(6) and (7) and unstandardized using equations (8) and (9) .

SIMULATION DESIGN 

The performance of an operational ridge estimator depends on (1) the

correlations among basin characteristics p, (2) the variaace of sampling

2error 0' (e-)» (3) the degree to which estimates of the dependent variable 
t/

2are related, (4) the variance of the model error a (9-)> and (5) the regression
<7

coefficient vector $. The simulation was divided into 294 experiments with 

500 replica tons of each experiment. Separate experiments were conducted T>y 

changing one of the five factors above while the remaining four were fixed.

In order to evaluate the performance of RGE with respect to p, for each 

replication a new set of N pairs of basin characteristics,

Y   7 Y   Y Y' A l,2' 2,1' A 2,2' A3,l> 3,2'

were randomly selected from uniform distributions on the intervals

(0,2) for J. . and (1,3) for X. 9 with correlations p, between X. 1 and X. _.
JjJ- t7 » ^ Js-L J » ^

(See Appendix C for the method of generating correlated uniform pseudo-random 

numbers) .

Forty-two experiments were run with each of seven values for 

p (p = 0.0, 0.249, 0.50, 0.75, 0.90, 0.95, 0.989). These correlations 

introduce a range of levels of multicolinearity into the simulation which 

may also be expressed as VIF's (717=1.0, 1.066, 1.333, 2.286, 5.263, 10.256, 

and 45.706, respectively).

The variance of the sampling error is a function of the number 

of stations in the regression, N, and the number of years of record at each 

site, n. In order to evaluate the performance of RGE with respect to 

sampling errors, separate experiments were run with six different combinations 

of N and n [ (/i/,n) = (15,10), (15,25) (25,10); (25,25), (40,10), (40,25)].
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One of the assumptions of classical regression analysis is that the i/'s 

associated with a given set of x . 's are independently distributed. This 

assumption is, in general, not valid because the flows at different gaging 

stations are correlated. The accuracy of a regional regression model depends, 

in part, on the degree to which estimates of the dependent variable are 

related (Matalas and Gilroy, 1968). Hardison (1976) has shown the interstation 

correlation between observed 50-year peaks, Pcr»> is approximated by

P50 =
2 ' 07

where p is the interstation correlation between logarithms of annual peaks.
O

In order to assess the effect of different values of p on the results,
&

separate simulation runs were made with p =0, .4, and .8 or p^ =0, .15,
C- J\j

and .63.

The random disturbances t, . and f| . in equations (11) and (12) measure
3 3

the discrepancies between the population values of y . and a. and their
"2- 3

2 
linear estimators. Therefore, the variances of £ . and T\ . (a (£ .) and

333 
2

G (nO) may be thought of as a measure of error in the underlying model. 
3

2 2Because the magnitudes of a (£.) and a (r\ .) affect the accuracy of the
3 3

regression model separate simulation runs were made with a(£ .) = a(r] .) =
3 3

0.01, 0.05, and 0.20 to assess the effect of model error on the results. 

In actual hydrologic regressions little is known about model error because 

they are masked by sampling errors. However, the range of model error in 

this study (.01 to .2) is expected to adequately cover the practical range 

in model error for useful hydrologic regressions.

For most experiments the true regression coeffients, Bo, 3i, and $2 > 

were set equal to 0, 1.0, and 1.026875, respectively. In order to gain 

insight into how changes in 3 might affect the performance of RGE^ some 

additional experiments were made with 3^ - 3.080625 and 3o = 0 and 3i = 1.0.
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The 294 experiments are distinguished by having a different combination

2
of input variables' p., N, n3 p ,<3 (£.), and 3.. Table 1A in appendix A shows

c 3 I*

the values of these input variables for each of the experiments. Because 

this table and all others were printed on a line printer without lower case 

or Greek letters, some notational changes were necessary and are given on

the first page of each table.

I/ Initially experiments were run on the IBM 370/155   computer at the

U.S. Geological Survey, Reston, Virginia. Later experiments were run on a

21
Harris 125-S computer   at the U.S. Geological Survey, Northeastern Region,

Reston, Virginia. A listing of the computer program for the Harris computer 

is given in Appendix B.

Performance Measures 
.A. .A. 

Let $_ and 3~ (510 and 520) denote OLS estimates of 3 and 3~> and let
/\ S\

3, (&) and 3? (k) (BIR and 52#) denote the RGE estimates. For each experiment 

the root-mean-square error (RMSE) for OLS and RGE estimators of 3 1 and 3- are

defined as follows:

1 m - 2 * 
RMSE-B10 =[~ E (3 - 3,)^] 2

r=l

1 m - 2 ^ 
HMSE-B20 = E (32 - 32 > } 2

NP . 2 , 
RMSE-BIR =(jjj E (31 (fc) - 3^ ] 2 

r=l

NP ~ 
RMSE-B2R = [^ E (3 (fe) -

where 7177? is the number of replications of the experiment

1/2/
    Any use of trade names and trademarks in this publication is for descriptive

purposes only and does not constitute endorsement by the U.S. Geological 
Survey.
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for the 294 experiments and NR = 100, 500, 1000, 2000, 3000, 4000, or 5000 

for the sensitivity analysis explained below). The mean deviation was also

computed as
NR ~ 

BIAS-B10 = ~ E (3^ 31 )

NR * 
BIAS-B20 = ~ E (32 - 32 )

NR 

BIAS-B2R = ~ E (31 (fe) - 3-^

flff 

BIAS-B2R =~ E (32 (fc) - 32 )

Two other useful performance measures are the probabilities that the RGE 

estimates of B and 32 will be "closer" to the true values than will the OLS 

estimates. These probabilities, respectively, labeled P-RGE1 and P-RGE2 were 

determined for each experiment by the following

Let * ^
fl, if |8 r (fc) - 3J < |3 r B

~ ^ L L 1 ' L -
L I 

 * |k O, otherwise

for p = 1,2, .. . ,/!//? and L = 1,2. Then

Efl and
3?=1

Z « .

It is not sufficient to compare OLS and ^Z? on the basis of individual 

parameters alone, because it is the linear combination of these parameters 

which yields a predicted peak discharge. Perhaps a more reasonable measure
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by which to. compare OLS and RGB is the total mean square error of prediction,
2 * A * * 2 

SE~, . Let y denote the predicted value of y given 3ft > 3,, and 3~. SE^ for all

possible values of Z and J given 3n > 3-. > and 37 is given by

+ 2(31 - 31)(32 - 32 )

+ a2 O) + a2 (e)   (13)

where 3 and £ are independent random variables with zero means, and

2 2u , a , U , and a are respectively the means and variances of x^ and x~
^x^ x^ ^x23 ^2 12

Because J, and X~ are uniform random numbers on the intervals (0,2) 

and (1,3), respectively, with correlation p then

7-0

2 ^(l^) = 1 
x 12 3

11 - i j- 3-1 _ 9 ^ ~ I + 2 ~ Z 

2

n 2 = (3-D 2 = I 
x2 12 3

and cov(Z1 , X£ = O^ O^ p = ~ p
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2 2 
For each experiment the values of 3Q , 3-,,$2 » P» a (9) » and a (e) are

known. Each replication within an experiment produced two sets of estimates  

$ , 3-,, 3 ? and $0 (fc), $-,(&)» 3? (?i). Therefore, for each replication of an

2 experiment two values of SE^ are computed   one associated with the OLS

2 2 
estimator SEm ~ rc, and one associated with the RGE estimator SEm n ~r,. The

1 , ULo 1 3 KLrCj

2 
square root of SE is calculated and called the true standard error. For each

experiment the mean true standard error (MTSE) using OLS and RGE are 

calculated by
NR

MTSB-OLS = .

and m

VJ

Also, the standard deviation of the true standard error (STSE) is computed

for each experiment,

1 M 2kSTSE-OLS «[~ Z (SEm ^T n - MTSE-OLS) ] 2
Nti 1 . ULb Tr=l *

NR 

STSE-RGE -[~-y Z (SE RrF - MTSE-RGE) 2 }^
1\II\~ JL _ - 1 y tlLrCj 1*

For comparison, the mean and standard deviations of the observed standard 

errors (MOSE and SOSE) were computed and labeled MOSE-OLS, MOSE-RGE, SQSE-OLS, 

and SOSE-RGE where the observed standard error is the square root of the 

variance of the residuals, (y-y} 

It is important Lo recognize the source of multicolinarily in a regression 

problem. For purposes of discussion, let us assume that bias introduces a 

multicolinearity in basin characteristics that is not inherent in the actual 

hydrologic region. For example, assume that there is a hydrologic region of 

varying elevation consisting of parcels of cleared land and parcels of forested
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land where gaging stations in the area had been placed years before for 

reasons other than trying to randomly sample basin characteristics. As a 

result, stations at low elevations drained mostly cleared land while high 

elevation stations drained mostly forested land, resulting in a high sample 

correlation between elevation and forest cover which is not an inherent

characteristic of the region. In order to compare performance of OLS and RGE

2
estimators in this situation, a new value of S7? is computed from equation (13)

with cov(J ,J )=0. The means and standard deviations of SET (MTSEO and STSEO) 

calculated with cov(J.. ,Z? )=0 are given by

NR
MTSEO-*= ig I (SE ) 

r=l '

NR 
-R E

NR 9
STSEO-0 = [-i^r E (SEm nrc, - MTSEO-0)i } NR '

1 9 ^ 
and STSEO-R ~[j^ E (SE - MTSEO-R)*]*

r=l  *

In addition, some sampling statistics of the biasing parameter, fc, and 

the basin characteristic correlation coefficient, p, were computed. For each 

replication a new value of 1< was computed using equation (10). In each 

experiment the mean, maximum, and minimum values of k were determined and

denoted as K-MEAN^ K-MAX, and KMIN3 respectively. For each replication a
^ 

sample correlation, p, between X- and X was computed. For each experiment

the mean deviation of the sample correlation from the true correlation 

(BIAS-RHO) and the root-mean-squared deviation.of sample correlation (KMSE-RHO) 

were computed as



BIAS-RHO = ~ Z (p - p)

22
NR *

RMSE-RHO =^j~ Z (p - p)£ * . 
2"=1

In order to determine if 500 replications were adequate, a sensitivity 

analysis was performed. Four different experiments were replicated 100, 500, 

1000, 2000, 3000, and 5000 times, and the results (Table 2A, appendix A) 

compared. The four experiments had the following sets of input variables:

Exp. 
No.

1.

-2.

3,

4.

P

0.0

0.0

0.95

0.95

N

15

15

15

15

n

10

10

10

10

p*
0.0

0.8

0.0

0.8

a2 (^)

.01

.01

.01

.01

32

.5

.5

.5

.5

Results indicate virtually no difference in the relative performance 

measures for 500 or 5000 replications. The sensitivity analysis showed that 

500 replications were adequate.

EXPERIMENTAL RESULTS

In order to directly compare the RGE estimators with OLS

estimators, the following ratios were computed: RTSE .= MTSE-RGE/MTSE-OLS 

(the ratio of mean true standard errors); RSET1 = MTSEO-R/MTSEO-0 (the ratio 

of mean true standard errors where the population covariance between X and J 

is zero); RBl = RMSE-BIR/RMSE-BIO (the ratio of root-mean-square errors for 

estimating 3 ); and RB2 = RMSE-B2R/RMSE-B20 (the ratio of root-mean-square 

errors for estimating 3~)   A ratio of'less than 1.0.indicates an advantage 

for the ridge estimator.

To concisely display the main results, each of these ratios and 

P-RGEl and P-RGE2 are shown in box and whisker plots (Tukey, 1977) as a
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function of p (figures 1-6). Each box and whisker plot represents the results from

forty-two experiments in which p was constant at the indicated value while some

2 2 
other input parameters (namely; N^ n3 p 3 a (£), a (n) , and $ ) were changed from

C? ^-

experiment to experiment. In a box and whisker plot, the ends of the "whiskers" 

are maximum and minimum observed values, the "box" contains the middle 50 

percent of observations, the dashed line represents the median value, and the 

"+" represents the mean value.

It is clear from these plots that the RGE estimator dominates the 

OLS estimator in this simulation when p is greater than or equal to .90 

because all of the ratios (figures 1-4) are less than or equal to one and 

the probabilities (figures 5 and 6) are all greater than about 0.5. For 

values of p below about .5 the OLS estimator generally performed better than 

the RGE estimator. For values of p between .5 and .9, results of this 

experiment indicate the RGE estimator generally performed better than the 

OLS estimator with respect to the six measures of performance tested.

The relative performance of the RGE and OLS estimators is shown by 

table 1. In this table, results from the 294 experiments were grouped by p 

(denoted REO in tables 1-6), then ranked according to RTSE within each group. 

Displayed along with RTSE are several key input parameters that were changed 

from experiment to experiment. When p^. 75, the smallest values of RTSE occurred 

when p (the between-station correlation of annual peaks) was zero and
C^

N and n were relatively small (p. 36). Similar results were found with 

respect to RSET-l, RBl, RB2, P-RGEl, and P-RGE2 in tables 2-6. In other 

words, the RGE estimator performed much better than the OLS estimator 

under the conditions of high multicolinearity (p^. 90), low between- 

station correlation of annual peaks (p = 0), and relatively few basins with
Cs

relatively short records [(tf,tt) = (15,10), (25,10), or (15,25)].
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the mean true standard error using ridge 
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the correlation between sample independent: 
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SUMMARY AND CONCLUSIONS

A regression simulator was combined with a multisite streamsite 

streamflow generator to simulate a regional hydrologic regression. Monte 

Carlo experiments were used to compare an operational ridge regression 

estimator with ordinary least squares regression estimator. The simulation 

indicates a potential for improved parameter, estimation for hydrologic 

regressions when multicolinearity is a problem. It also demonstrates a 

method of evaluating the performance of potentially useful bias regression 

estimators which are hard to evaluate analytically for specific hydrologic 

regression problems.

In one sense the simulation was large because 145,000 regressions were 

simulated. But in a more important sense it was small only two explanatory 

variables, constant values for 3^ and 3-,, and only two values for 3^ were 

tested. Although the simulation favors ridge regression for highly multi- 

colinear data and the models tested, the evidence for ridge regression is 

not compelling for hydrologic regressions in general because of the small 

number of explanatory variables and narrow range of regression parameters. 

Future studies on this problem should include more than two explanatory 

variables, a wider range of regression parameters, other means of estimating 

k, and other biased estimators such as the James-Stein estimator (James and 

Stein, 1961).
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TABLE 1. Results of 294 experiments grouped by p and 

ranked within each group by

,f

Explanation   

( Because', this table was printed on a line printer without ,__ __ \ i " -.   *^j._ 

lower case or Greek letters, the following notation changes;
-~i

/were made:]
L*~

Text notation Equivalent table notation

O

P

N

n

RHO

NB 

NY

p .............................. RHO C
v-. ~ '

J
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TABLE 3. Results of 294 experiments grouped by p and 

ranked within each group by

Explanation
r-
Because this table was printed on a line printer without

^' f.-'^   
lover case or Greek letters,. the following notation changes

e

~"l 
re made: J

Text notation Equivalent table notation 

p .............................. R1IO

N .............................. NB

n .............................. NY

p .............................. RHO Cc

a (r ) .............................. SD ZETA3  

BETA 2

In all experiments,

a (n. ) s= cr(Cj )
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TABLE 4. Results of 294 experiments grouped by p and 

ranked within each group by R&2,

Explanation * 

Because'this table was printed on a line printer withouti - *j  *' =-  '

lower case or Greek letters, the following notation changes/ ;

G
   .  7 
tfere made:J

Text: notation Equivalent table notation 

p .............................. RHO

N .............................. NB

n .............................. NY

p .............................. RHO Cc  

CT<£.).............................. SD ZETA3  

8 o ............................... BETA 2

In all experiments,

a (TJ )=a(Cj
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TABLE 5". Results of 294 experiments grouped by p and 

ranked within each group by P_

Explanation 

/Because this table was printed on a line printer without
t- '  . T" , '

lower case or Greek letters, the following notation change:
j """  ] 
/ were made: \

Text no t a t ion Equivalent table notation 

p .............................. RHO

N .............................. KB

n .............................. NY

p .........'..................... R110_C

a (C .) .............................. SD ZETA3  

3 2 .............................. BETA_2
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TABLE £>. Results of 29A experiments grouped by p and 

ranked within each group by P.

Explanation

(Because^ this table was printed on a line printer without  ->    ,_ ^
f\<tr-^t, /:,.? .

lower case or Greek letters, the following notation changes/

jwere madejj

Text notation Equivalent table notation 

p .............................. RHO

N .............................. KB
i 

n .............................. NY

p c .............................. RIIO_ C

O ^ .^ .............................. SD ZETA3  

BETA 2

In all experiments,

a (rij )-a(Cj )
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Table 1A.   Summary of simulation results.

Explanation
I "'
iBecause; this table was printed on a line printer without lower
!- ~* ~ /;.<-     ... '' ' ' !
case or Greek letters, the following notation changes," were made

/

Text notation Equ j.valent t able notation

p . . . .

N

p . . . . ,
c 

a(c-) . . . . .
3 

B- . . . . ,

. . . ". . . . . . RHO

......... MS

......... NY

......... /?#£ C

......... SD ZETA

......... 5ET>1 2

In all experiments,

.) « a(r
</ «
30 ---  0

31 = l.
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Table 2A. Summary of sensitivity analysis results.

Explanation

\Because.this table was printed on a line printer without lower 

case or Greek letters , f the following notation changes, were made 

Text notation Equivalent J^J^lc_n_o ta^t_icm
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APPENDIX B   COMPUTER PROGRAM LISTING FOR PROGRAM 

RIDGE TEST.



c

>c
X

c

c
c.

c,

c

c
c

c

c

c

c

c

c

c

G

c

c

c
c

c 
c 
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c

PROGRAM RIDGE TEST 
HARRIS FORTRAN 77 FOR HARRIS MINI COMPUTER 
PROGRAMMER G. D. TASKER* AUGUST 1979

DIMENSION U(50)t V(50)i E(50)t D(50)t R2(50)
DIMENSION Z(10)» YHAT(50)
DIMENSION X<50)» Y(50)» W(50)
DIMENSION A(bO)t SL(50), P50(50)
DIMENSION TRE(2)i TRR(2)i TIR(2)
COMMON /ARMOD/ AtfAR i S IGA i SOAR i SIGS» ASCOVi ALPHAl » ALPHA2
COMMON /FLOW I/ YBAR(50) iSDtV(bO) iAMU(50) tSIGMA(SO)
INTEGERS IRAND

READ INPUT VARIABLES

A1=RANGE OF LOGS OF AREA
AO=MINIMUM AREA* IN LOG UNITS'
S1=RANGF. OF LOGS OF SLOPE
SO=MINIMUM SLOPE* IN LOG UNITS
A=LOG(AREA)
SL--LOG (SLOPE)
P2=LOG(2«YR PEAK)
PbO=LOG(50-YR PEAK)
TRUE MODELS?
AMU = BETAl*A + Al.PHAl
SIGMA=BETA2*SL*ALPHA2
P2-AMU
P50=AMU+SIGMA*AK50
NB-NUMBER OF BASINS
NY=MUMBER OF YEARS OF RECORD
ROCRS=CROSS CORRELATION BETWEEN SITES
RHO = CORRF.LATION BETWEEN AREA AND SLOPE
IREP=NO« OF REPLICATIONS TO ACCOUNT FOR SPACE SAMPLING ERRORS
MTlMESsNO. OF REPLICATIONS 70 ACCOUNT FOR TIME SAMPLING ERRORS
I RAND-RANDOM NUMBER SEED

1 READ <5«13»ENO = 7) A 1 » AO , SI i SO » BETA 1 » BET A2» ALPHA 1 i ALPHA2 * NH i NY »ROCR
1S» I REP » NT I ME S» JPANDiRHO
RHOU=RHO-.02*SIN(3f 1416*RHO)
WHITE (6,14) Al lAOiSli SOiBETAl»BETA2tALPHAl f ALPHA2 »NB»NY *ROCRSi NT I
1M£S»1REP» I RAND t RHOU
WRITE (7*8) Al»AO»Sl»SOtBETAl » BET A2* ALPHA-1 » ALPHA2 » NO i NY « ROCRS »NT IM

1ES> IREP« IRAND, RHOU
 

GENERATE RANDOM NUMBERS AND INITIALIZATION

DO 2 1=1 « 100
2 X(I)=GAUSSB(IRAND)

CALL GAUSSV (IRANDiE»50)
CALL GAUSSV (IRAND«D,50)
TRESS-0.
TRES=0.
SUMSE-0,
SUMSE2=0«
KOUNT-0
B21S-0.
BRlS=Oo
B22S=0.
BR2S-0.
B21SS=0.
BH1SS=0.

132
A 
A 
A. 
A 
A
A
.A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A

' A

A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A

I
2 
3 
4 
5
6
7
a
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
4 1
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
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r
  BR2SS=0. A 63
^ B22SS=0. ' ' A 62 

RASS-'O. A 64f
RASSS=0, A 65
niis=o* A 66

(- RI2S=0. A 67
RI15S=0. . A 60
BI2SS=0. . A 69

('  RK1S = 0. '' A 70
RK2S=0. A 71
RK1MAX--999, A 72

£  RK2MAX--999. A 73
RKP.MIN-999. A 74
«K1MIN=999. A 75

£: TRRS=0, A 76
THRSS=0. A 77

- TIRS=0. A 78
r TIRSS=O. A

TIRSS=0, A 79
sr.Ri=o. A ao

C SER2=Ot A 01
SSER1=0.   A 82
SSER2=0. . A 83

C' TRET=0, A 84
 TRRT-O, A 85
TIRT=0, A 86

£ THF.ST = 0, A 87
TRRST=0. A 88
TIRST=0* A 89

f KiNTl=0 A 90
KNT2=0 A 91
KNTRK=0 A 92

C A8AR=AO+Al/2. A 93
S8AR-SO+S1/2. A 94
SI6A=SORT(Al*Al/12t) A 95

r S10S^.SORT(S1*S1/12,) A 96
ASCOV^S1GA*SIGS»RHOU A 97

C A 90
r DO 6 I = 1*1REP . A 99

DO 3 KL=1iMB A 100
X(KL)=GAUSSB(IRAND) A 101

r Y(KL)=GAUSSB(IRAND)   A 102
W(KL)=HHO*>Y(KL) *X ( KL) J->SQRT (1-RHO^RHO) A 103
U(KL)-GAUSCF(Y(KL)) . A 104

£ V(KL)=GAUSCF(W(KU) A 105
3 CONTINUE ' A 106

CALL GAUSSV (IRANOiE»NB) A 107
Q " CALL GAUSSV URANDfDiNFl) A 108

C " A 109
C CALCULATE TRUE STATISTICS A 110

C C A 111
DO 4 !A=liN8 A 112

C A 113
C AUA)=U(IA)<*A1*AO A 114

AHU(1A>=BETA1*A(IA)+ALPHA1«E(IA) A 115
SL(IA)=V(IA)«SUSO A 116

C SinMA(lA)=BETA2«SL(IA)+ALPMA2 tt D(I A) A 117
4 CONTINUE A 118

C A 119
C C GENERATE SAMPLE FLOWS A 120

C A 121
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r . . -

TRRT=TRR(2)*TR«T A 183 
TIHS=TIR(1)+TIRS   A 184

(" TIRT=TIR(2)+TIRT A 185
TRESS=TRESS+TRE<1)«*2 A 186
TRFST-TRKST+TRE(2)**2 A 187

( TRRSS~-TRRSS + TRR( 1)*«2 A 188
TRRST=TRRST*TRR{2)o*2 A 189 
TlPSS=riKSS*TJR(l)**2 . A 190

(  TIKST=T1RS1+TIH(2)»*2 '" A 191
SUMSE=SUMSE+SEOBS A 192
SUMSE2 = SUMSE2*SE08S<>SEOBS A 193

(   SEH1=SER1+Z(9)   A 194 
SER2=SER2*Z(10) . A 195
SSER1=SSER1+Z(9)«*2 A 196

(* SSER2=SSER2+2<10)»*2 A 197
6 CONTINUE A 198

C " ' A 199
C NZ=NTIMES«1REP A 200

AMRK1-RK1S/NZ A 201
AMRK2=RKHS/NZ A 202

(- AMRE=TRES/NZ ' A 203
AMRT=TRET/NZ A 204 
AMRR=TRRS/NZ   - A 205

C AMRU=TRRT/NZ A 206
AMIR=TIRS/NZ A 207
AMIT=TIRT/NZ A 208

r SORE=--(TRESS-TRES*TRES/NZ)/(NZ-1) . A 209 
SDRT=<TREST-TKtT*TRET/NZ)/(NZ-l)   A 210
SDRR={TRRSS»TRRS*TRRS/NZ)/(NZ~1) A 211

f SDRU=(TRRST-TRrtT«TRRT/NZ)/(NZ-l) ' A 212 
SL)IR--i7IRSS-TIHS i>TIRS/NZ)/{NZ-.l}   A 213
SOIT=(TIRST-TIRT*TIHT/MZ)/(NZ-1) A 214

r SDRF. = SWRT(SORE) A 215
SORT-SORT(SORT) A 216
SORR = S(3« T ( SORR) A 2 3 7

C". SDRU-SDRT (SORU) A ?\ 8
SOIR=SORT(SDIR) A 219 
SDIT=SORT(SDIT) ' A 220

r AMsr=suMSE/NZ A 221
SDSE=(SUMSE2-SUMSE tt SUMSE/NZ)/NZ A 222
SDSE-SORT(SDSE) A 223

£ AMB21-B215/NZ ' A 224
AMBIU-BRIS/NZ A 225
AMBI1=HI1S/NZ A 226

(_ AMB22 = f322S/NZ A 227
AMBR2 = tlR2S/NZ A 228
AMHI2=BI2S/NZ A 229

Q   SDB21-SO I1T (H21SS/NZ) A 230
SDHRl~Sl3RT(8RlSS/NZ) A 231
SDWI1=S<JRTUJI1SS/NZ) A 232

C SDM22=SORT(U22SS/NZ) A 233
SOBR?-SORT(BR2SS/NZ) A 234
SDB12=SQRT(BI2SS/NZ) A 235

(_ AMHA!. RASS/NZ ' A 236
SDRAS = S(}RT(RASSS/NZ) A 237
ASFRl=SfRl/NZ A 238

C, ASFR2-SER2/NZ A 239 
SOSERl=SfJRT«SSlTRl-SERl»SERl/NZ)/NZ) A 240 
SDStH2»SQRT( (SSER2-SEH2»SER2/N'Z)/NZ) A 241

C C A 242 
C PRINT RESULTS . ' A 243
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V.

c

c

c

c

c

c
c

c

c

c

c
c
c.
c

c

c.

c

c

c

c

c

c
WRITE (6,15)
WRITE (6,16) AMPE,SDRE,AMRT,SDRT
WRITE (6,17) AMRR,SDRR,AMRU,SDRU
WRITE (6,18) AMIR.SDIPtAMITtSDIT
WRITE (6,27) AMSE,SOSE
WRITE (6,28) ASER1 tSOSERl
WRITE (6,29) ASER2,SDSER2
WRITE (6,19)
WRITE (6,20) AMB21»SDB21
WRITE (6,21) AMB22»SD!.*22
WRITE (6,23) AMBR1 » SDBW 1 » AMRK 1 » RK 1MAX , RK 1 MIN
WRITE (6,24) AMBrt2tSDBR2
WRITE (6,25) AMBI1 iSDBI 1   AMRK2 t RK2MA.X » RK2MIN
WRITE (6,26) AMI3I2,SDBI2
WRITE (6,22) AMRASiSDRAS
WRITE (6,30) KNT1,KNT2
WRITE (6,31) KNTRK
WRITE (7,9) AMR£,AMRR,AMIR,AMSE»ASER1*AS£R2»SDR£»SDRR»SDIR»SDS£»SD
1SER1,SDS£R2
WRITE (7,10) AMR21»AM822iAMBRl »AMBR2«AM8I1 » AMB 1 2 » SD fJ2 1 »SDB22»SDBR1
ltSOHR2iSDUIliSDGI2
WRITE (7,11) AMKAS»SDRASiAMRKliRKlMAXtRKlMINiAMRK2iRK2MAX»RK2MIN
WRITE (7il2) ArtKT»AMRU»AMITiSDRT»SDRU»SDITtKNTl»KNT2
GO TO 1

C
C FORMAT STATEMENTS
C

7 STOP
C

8 FORMAT (8F5,2,2I4,F5.2,I3,I6,I5»F6.3)
9 FORMAT (12F6.3)

10 FORMAT (6F7.3,6F6,3)
11 FORMAT (8FlOt4)
12 FORMAT (6F10.3,2I6)
13 FORMAT (HF5.0i2JSjF5.0i3I5 JF5.0)
14 FORMAT (1H1 ,///«7X, »Al«iH4,»AO*,T22«»Sl',T30«'SO».T38« MiFTAl ' ,T46

1» «RETA2* ,T54, ' ALPHA 1' , T62» ' ALPHA2' » T70 » » NB » t T78, ' NY   » T86» »ROCRS» iT
294, INTIMES» »T102» »IREP» »mo» » IRANO* tTiis, « RHO» »/»ix»8F8*2,2i8»F8
3,2,3I8»F6.3)

15 FORMAT (//,' STATISTICS OF ERRORS «,T70,« ERROR W/ ASCOV=0'»/,
1T20,' MEAN* ,T40, «STD DEV'iT70,» MEAN'»T80,« STD DEVM

16 FORMAT (/»' TRUE SE (OLS) ' , T20 , F9 . 3 , T40 , F9 . 3 , T70 , 2F 1 0 « 3 )
17 FORMAT (/,' TRUE SE tRIDGEl )   , T20 ,F9 . 3 , T40 ,F9 , 3, T70 t 2F 10 .3)
18 FORMAT (/,' TRUE SE (RIDGE2) ' , T20 ,F9 . 3 , T40 , F9, 3 , T70 , 2F 1 0 , 3)
19 FORMAT (//,« REGRESSION COEFF ICI ENTS » , T65 , i BIASING PARAMETER'

1»/»T20,» BIAS«»T40»» RMSL"   » TbO, 'MEAN 1 »T70, « MAX'fT80»« MIN')
.20 FORMAT (/,' Bl   , T20 i F9. 3 , T40 » F9 , 3)
21 FORMAT (/,' B2 ' , T20 , F9, 3 , 140 ,F9,3)
22 FORMAT (/,  R i , T20 , F9. 3 , T 40 , F9, 3)
23 FORMAT (/,» BR1 ' »T20,F9.3»T40 ? F9.3,5X,3F10.4)
24 FORMAT (/»  BR2»  T20tF9.3»T4UtF9,3)
25 FORMAT (/,' BIH »T20,F9.3»T40,F9.3»5X,3F10,4)
26 FORMAT (/,' BI2 i , T20 i F9.3, T40 ,F9,3)
27 FORMAT (/,« OBS. SE (OLS) ' , T20 ,F9, 3 , T40 ,F9.3)
28 FORMAT (/,« OBS. SE (Rl DGE1 )   , T20 ,F9,3 , T40 ,F9.3)
29 FORMAT (/»  OBS, SE (RIDGE2) ' , T20 , F9. 3, T40 ,F9.3)
30 FORMAT (//,» NO. OF TIMES RIDGE1 EST. OF Bl BETTER THAN OLS'»l5,/t

1« NO. OF TIMES RIDGE1 EST. OF B2 BE1TER THAN OLS'tlS)
. 31 FORMAT (IX, » NO, OF TIMES K=1«»I5)

END

.

A 244
A 245
A 246
A 247
A 248
A 249
A 250
A 251
A 252
A ?53
A 254
A 255
A 256
A 257
A 258
A 259
A 260
A 261
A 262
A 263
A 264
A 265
A 266
A 267
A 260
A 269
A 270
A 271
A 272
A 273
A 274
A 275
A 276
A 277
A 278
A 279
A 260
A 281
A 282
A 283
A 284
A 285
A 286
A 287
A 288
A 289
A 290
A 291
A 292
A 293
A 294
A 295
A 296
A 297
A 298
A 299
A 300
A 301
A 302
A 303
A 304-
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SUBROUTINE SETKUE (A»B»CiAHAT»BHATtCHATiXKT»TRU) B. 1
C .82

r C COMPUTES TRUE STANDARD ERRORS B 3
^ C B

DIMENSION TRU(2) . B 5
p COMMON /ARMOD/ ARMU,ARSlG»SLMU»SLSIGfASCOVtERMEANfERSTD B 6
L X1=AHAT-A B 7

f X3=CHAT-C '' B 9
^ --« %.**^«'^.*»»'s*-«'T**M.j«.-^.»rikiii*ij*.*^**\V'^**.*<.*^ J *<*ir*Tr*»«.»i'*i.r'i*Jii*^jv'*^\JVVTA/k*^ 13 10

	B 11
/ f-j = ̂ ,u <f ;u-' w AJ v i«bv-<>v*AK'vi(j w bLMuj . B 12

... ........ ......... ;xKT y ERSTD) *«2 B 13

F5=2,0*X2*X3»AKMU«SLMU B 16
TKU(2)=F1+F2*F4*F5 B 17

C TRU(2)=SQRT(TRU(2)) B 16
RETURN ' B 19
END . - B 20-

/-

C SUBROUTINE RIDGE2 (XI»X2iN f Y,YHAT,RESIOtZ) ' C 1
C C 2
C COMUTES OLS AND RIDGE PARAMETER ESTIMATES C 3

C C C 4
REAL XI(50)tX2(50)»Y(50)tYHAT(50)»RESID(50)tZ(18) C 5
X1M-0«0 C 6

C X2M=0,0 C 7
YM=0,0 C 8
X1S=0.0 C 9

£ X2S-0.0 C 10
X1Y=0.0 C 11
X2Y^-0,0 C 1?

C viv*"* _ f\ ri /"*!">
AiAC-OeO CIJ

YS-0.0 ' C 14
DO 1 I~liN C 15

VS..

YM=YM+Y(I)/N C 18
C 1 CONTINUE ' C 19

DO 2 I-liN " C 20
X1S=X1S+(X1<1)-X1M)«*2 C 21

(2 X2S = X2S+(X2(I)-X2M)«*2 C 22
X1X2=X1X2«(XI<I)-X1M)»(X2(I)-X2M) . C 23
X1Y = X1Y+(XI (I)-XIM)MY(I)-YM) C 24

C X?-Y = X2Y+ (X2(I)-X2M)»(Y(I)-*YM) C 25
YS=YS+(Y(1)-YH)**2 C 26

2 CONTINUE C 27
C RX1X2-X1X2/SQRT(X1S»X2S) C 28

YVAR~YS/(N~1) C 29
X1NUM=X2S«X1Y-X1X2«X2Y C 30

DNM = X1S^X?S-X1X?<»«2 C 32
R1Y---X1Y/SURT(X1S«YS) C 33

RYX1=X1NUM/DNM . C 35
BYX2=X2NUM/DNM C 36

C RESMU=0.0 . C 37
RESVAR-0,0 C 38
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I-1 E 29
DO 3 JS=2tISM E 30
JSM = JS-1 E 31
BH=COD E 32
DO 2 KS--lfJSM E 33
BH=RH-B(IS,KS)«8(JS,KS) E 34
BUSt JS)=HH/B(JSt JS) E 35
BN=BN-BUS.JS)»«2 E 36
»3US»IS)=SQrtT{UN) x ' E 37
RETURN E 38
END E 39-

c:

C "

c
C 

C

c

c 

c 

c 

c 

c 

c 

c 

c 

c
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^ SUHROUTINE RANDUV (IXtV.N) F I
c GENERATE VECTOR OF UNIFORM RANDOM NUMBERS

( C HARRIS FORTRAN PROGRAM BY JR SLACK? USGS
C F 2

REAL V(N) F 3
( 1NTEGER»6 IXtHX F A
^ DOUBLE PRECISION DIV F 5

OATA DIV/2147483648.000/ F 6
( DO 1 I-ltN .. F 7

HX=IX»16807D ' F 0
IX=HX~(HX/2147483647D)«2147483647D F 9

r- V(I)=IX/DIV ' F 10
1 CONTINUE F 11
RETURN F 12

£- END F 13-

r
C GENERATE UNIFORM RANDOM NUMBER 6 1
C HARRIS FORTRAN PROGRAM BY JR SLACKt USGS

( FUNCTION RANDUB (IX) 6 2
C ' G 3

INTEGERS IXtHX - G 4
("' DOUBLE PRECISION DIV   G 5

DATA 01V/2147483648.0DO/ G 6
HX-IX016807D G 7

£ IX=HX-(HX/2147463647D}*21474836470 G 6
RANDUB=1X/DIV . G" 9
RETURN G 10
END G 11-

C GENERATE NORMAL RANDOM NUMBER H 1
C HARRIS KOMTRA.N1 PROGRAM BY JR SLACK; USGS H 2

r FUNCTION GAUSSB (I RAND) H 3
C CHEN - JASA»JUN 71»P.400 H 4

I.>ITEGER«6 IRANO ' H 5
r LOGICAL HAVE H 6

DOURLE PRECISION TWOPI , MINUS2 » ANGLE « D I ST H 7
DATA HAVE/. FALSE. / * TWOPI/6. 283 1853072DO/ t MINUS2/-2 . ODO/ H 8

r IF (HAVE) GO TO 1 H 9
ANGLE = TWOPI*DBLF (RANDlJfJ(IRAND) ) H 10
DIST = OSORT(MINUS2»DLOG(Di3LE{KANDU8{IRAND)M) - H 11

r Z=DIST^DSIN{ANGLE) H 12
GAUSSB-OJST^DCOS (ANGLE) H 13
HAVE=,TRUE. H 14

(;   RETURN H 15
1 GAUSSB^Z H 16
HAVE". FALSE. H 17

£ RETURN H 18
END H 19-

c GENERATE VECTOR OF NORMAL RANDOM NUMBERS . I i
C HARRIS FORTRAN PROGRAM HY JR SLACK» USGS I 2

SUBROUTINE GAUSSV (IRANO?V»N) I 3
C CHEN - JASAtJUN 71tP,400 . 14

. DIMtNSION V(l) 15
DOUBLE PRECISION TWOPI »MINUS2 , ANGLEt DIST I 6
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INTEGEH'6 IRANO 7 
DATA TWOPI/6.2b3l853072DO/fMINUS2/-2.0DO/ . 8

/' CALL RANDUV (IKANDtVtN) '" 9
L=N/2 10
DO 1 I=lfL 11

r K=2*I 12
V ANGLE=TWOPI»OOLE(V(K-1)) I 13

DIST=DSQRT(MINUS2»DLOG(D»LE<V(K)))) I 14
(~ V(K»1)=DIST»OCOS(ANGLE) I 15

V(K) =UIST»DSIN(ANGLE) x.- I 16
1 CONTINUE ' I 17

f IF (2*L.EO,N) RETURN I 18 
ANGLE=TWOPI*D8LE(RANOUB(IRAND))  ' I 19
DIST=DSQRr(MINUS2H)LOG(DBLE{V(N)))) I 20

C V(N)-OIST <>DSIN(ANGLE) I 21
RETURN ' I 22
END I 23-

c
( C CUMULATIVE FREQUENCY OF NORMAL NUMBER J 1

FUNCTION GAUSCF (XX) . J Z
C J 3

C AX-ABS(XX)    J 4
GAUSCF=1. ' J 5
IF (AX.GT,10.0) GO TO 1 . J 6

( T=1.0/(1.0+.2316419*AX) J '1
D=0.3989^23<'EXP(-XX<>XX«,5) J 0
GAUSCF = 1,~D#T*((((1.330274*T~1* 821256)«T + It 781478)*T-0.3565638)«T* J 9

r 10.3193015) J 10
1 CONTINUE J 11

IF (XX»LT.O) GAUSCF=1.-GAUSCF J 12
(_ RETURN J 13

END J 14-

C 

C

C
f /

C 

C

C

C " " c

C
 .;.-  .- i .< .

C
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APPENDIX C   METHOD FOR GENERATING CORRELATED UNIFORMLY DISTRIBUTED RANDOM . 
NUMBERS

Suppose that X. and I. are n x 1 vectors of independent normally distri-
If Is

buted random numbers with means of zero and variances of one. If

2 1/2
Z. = p Y. + 0-p ) ' X., then^ ^n ^ ^ ^n ' ^'

Z. is an n x 1 vector of normally distributed random numbers hich has a mean^ J

of zero, variance of one, and a correlation with Y. of p . Let^ ^n
1 i 2 

U. = m.) =    / expC-^/2) <fo (1)^ *

and
i, 2

V. = P (Z.) = -~ / exp (-/2) fo (2)
* ^

The right side of equations 1 and 2 will be recognized as the cumulative

probability function for a standardized normal distribution. Therefore, U . and
if

V. will be n x 1 vectors of uniform random numbers between zero and one.1

In addition, because J. and Z. are correlated, U . and V. are correlated
1 t i y ^ i

and have correlation coefficient p . But what is the relationship between

p and p ? u n

Relationship Between p and p. 
K f u ^n

The relationship between p and p has been developed empirically by 

generating a sample of size 2000 and calculating sample estimates of p and p
{A- fir

/\ /s

as described above and denoted by p and p , respectively. A second sample of 

size 2000 was generated for verification. Results (table 1C) indicate that 

p will be slightly smaller in absolute value than p except when p is equal
IA. rL ft

to -1, 0, or 1. A linear fit of the relationship between p and p was obtained
v* t. u

by regression analysis as

p = p -.020 sin (Tip ). 
u n n



Table 1C:

P

-1.000

- .900

- .800

- .700

- .600

- .500

- .400

- .300

V 200

- .100

0.

.1

.2

.3

.4

.5

.6

.7

.8

.9

1.0

Relationship

SAMPLE 1
/s

Pn

-1.0000

- .8922

- .8009

- .7021

- .6168

- .5165

- .4316

- .3268

- .1846

- .0850

.0232

.1111

.1890

.2668

.4423

.4851

.6017

.6943

.7944

.8935

1.0000 1.

Between

/^
pu

9991

8831

7880

6777

5900

5041

4278

3136

1858

0788

0225

1002

1772

2517

4184

4638

5764

6775

7743

8891

0000

p and p 
u n

SAMPLE
^
pn

-1.0000

- .9016

- .8078

- .7106

- .5923

- .5432

- .3925

- .2837

- .2417

- .1263

.0261

.0633

.1958

.2664

.3897

.5263

.6032

.7083

..8049

. 9001

1.0000

2
^
pvu

-.9991

-.8904

-.7952

-.6937

-.5733

-.5192

-.3708

-.2767

-.2285

-.1167

.0169

.0555

.1823

.2668

.3691

.5071

.5819

.6936

.7915

.8947

1.0000
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Appendix D Flow chart of a simulation experiment.

INPUT: Initialize values for p, 3 3 o(O , o(n .) , p,      J
N N ' B' T

(r epl ica't Ion index)

= 1 (station index)

for station j, randomly generate correlated basin
characteristics x. n and x. _ from uniform

J,l J,2
distributions on intervals (0,1) and (1,3), 
respectively, with correlation coefficient p. 
Also for station j, generate normal random
numbers £ . and n . with zero mean and standard

<7 J 
deviations 0'(^-) and cr(rj .), respectively. Calculate

J <7
true mean, y ., and true standard deviation, a., from 

0 3
equations 11 and 12.

Call the multisite strearaflow generator to generate
Ny annual peaks (log values) with mean }[ ., standard * 3 
deviation, a., and interstation correlation coefficient,

3 
p at each station j (j - 1,2, . . . ,/VR) . From these
G D s^

annual peaks compute sample statistics z ., s  , and g -j
J J J

(equations 1, 2, and 3) for each station j. The 
estimated 50-year peak for .each station is computed 
as ^   ^

y - - z    ! 
y O '3
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Estimate regression parameters b , b^, and 

OLS and EGE for the model

A
Compute and save true standard error of estimate
(equation 13) -and errors in parameter estimates, 
A A.

- B,) and (&, - &,). ;

compute performance
measures 

(p. 18-19)
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NOTATIONS

a constant

T

"50

n . 
J

s . 
3

v . 
3

y
z . . 
_>«? 
z . 

3
A

BIASJBIO

BIAS_B20

BIASJ31X

BIASJ32R

BIAS'RHO

...,a constants3 m
pth sample estimate of 3

A7 x 1 vector of random disturbances with E(c) = _0 and
2£'(ce ) = o J, where JO is a vector of zeros

sample skew coefficient, computed by method of moments, 
at station J

regional (generalized) skew coefficient for station j 

WRC weighted skew coefficient at station j 

ridge biasing parameter

standardized Pearson Type III deviate for T-year return 
period

the standardized Pearson Type III deviate for a 50-year 
return period and skew coefficient of zero

the standardized Pearson Type III deviate for a 50-year
recurrence interval and weighted skew coefficient g .

3 
number of observed annual peaks at station j

index of replications, r = 1,2,...,AT?

standard deviation of logarithms of observed annual 
peaks at station j

"unit length" standardization of X.
3P 

"unit length" standardization of y .
3 

T-year peak discharge, in log units, at station j

mean of y .'s

 £th observed annual peak, in log units, at station j

mean of logarithms of observed annual peaks at station j

basin characteristic

bias in OLS estimate of (3-,

bias in OLS estimate of 3 9

bias in RCE estimate of 3

bias in RGE estimate of 3o
2

average deviation of p from p computed over the number 
of replications of an experiment

M x M identity matrix ' .
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J_

KJ1AX

KJ4EAN

KJ4IN

L2

M 

MOSEjpLS

MOSE_RGE 

MTSEOJ)

MTSEO_R

MTSEJ3LS

MTSE_RGE

N

NH

PJ1GEI

P RGE2

R 
P

RBl 

RB2 

WSF.5W

N x 1 vector of 1's

maximum value of k computed over the number of 
replications of an experiment

mean value of k computed over the number of 
replications of an experiment

minimum value of k computed over the number of
replications of an experiment

/*» / >>
quadratic loss function, (a. - a) '(a ~ a) 

quadratic loss function, (a.(k~) -'a>)'(a(k) - a) 

number of basin characteristics in model, 

mean observed standard error using OLS 

mean observed standard error using RGE

mean true standard error using OLS when the population 
covariance of x~ and x~ is zero

mean true standard error using RGE when population
covariance of x^ and x~ is zero 

1 /.
mean true standard error using OLS

mean true standard error using RGE

number of stations in region

number of replications of a given experiment

probability that RGE estimate of p is better than the 
OLS estimate

probability that RGE estimate of 3? is better than the 
OLS estimate

50-year peak discharge

coefficient of multiple determination from regression 
of the ith basin characteristic on all other basin 
characteristics in the regression

KMSEJSIJi 

M1SEJ12R 

PMSEJRHO

RSET1

PMSEJB2R/EMSE_B20

root-mean-squarc error of OLS estimate of $.. 

root-mcan-square error of OLS estimate of $n 

root-mean-square error of RGE estimate of $-1 

root-mean-square error of RGE estimate of $9

root-mean-square deviation of p from p computed over 
the number of replications of an experiment

MTSEO R/MTSEO 0
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RTSE

S basin characteristic

? _
£'" sum of squared deviations of X. about X
P OP P

£> sum of squared deviations of y . about y

2 SIT total mean square error of prediction

SOSE__RGE standard deviation of observed standard error using RGK

SOSE_OLS standard deviation of observed standard error using OLS

STSE_OLS standard deviation of true standard error using OLS

STSE_RGE standard deviation of true standard error using RGB

STSEO_ 0 standard deviation of true standard error using OLS 
when population covariance of x and x~ is zero

STSEO_R standard deviation of true standard error using RGE 
when population covariance of x* and x* is zero

T return period, in years

U_ N x M matrix of standardized basin characteristics in 
correlation form

y_ N x 1 vector of standardized annual peaks 

VIF variance inflation factor

X. pth unstandardized basin characteristic for station 7
JP  
X mean of X . 's for ptli basin characteristic
P JP F

X_ N x M matrix of observations on basin characteristics

' 10E10«50

7. estimated value of J at station j
V

J N x 1 vector of observations of annual peaks, in log 
units

C* M x 1 vector of regression coefficients for standardized 
model

SI

d M x 1 vector of ordinary least squares estimate of a*    *
M x 1 vector of ridge estimate of c*

M x 1 vector of regression coefficients

regression constant associated with unstandardized model

regression coefficient, associated with the pth un-
standardized basin characteristic, X.

OP
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9 . random disturbance which measures discrepancy in the 
linear regression model

e. random variable with zero mean and variance proportional 
3 o

to a .jn . 
3 3

£. normnlJy and independently distributed random 
disturbance with zero mean and variance

°2 (c.)
J

r\ . normally and independently distributed random 
distrubance with zero mean and variance

A characteristic roots of u'u^

p. population mean of logarithms of annual peak discharges 
at station j

y population mean of basin characteristic x..Xl
y. population mean of basin characteristic x~
X r\ 2.

p poptilation correlation coefficient between x^ and x~ of 
the generated sample

p the cross correlation between logarithms of annual peaks 
for any pair of stations

p^r, inters tat ion correlation between observed 50-year peaks

2
0 variance of regression error

^2 2 
0 standard error of estimate, sample estimate of' CT

O . population variance of logarithms of annual peak
1 discharges at station j
2

O (C  ) the portion of "model, error" associated with \l .
2 ^

O (ri/) the portion of "model error" associated with CT .
3 3

2 . . . . 
O population variance of /C-*1 I

2
O population variance of x^X 2


